DISTRIBUTIONAL SOLUTIONS OF THE STATIONARY NONLINEAR 
SCHRODINGER EQUATION: SINGULARITIES, REGULARITY AND 

EXPONENTIAL DECAY 



RAINER MANDEL AND WOLFGANG REICHEL 

Abstract. Wc consider the nonlinear Schrodinger equation — Au + V{x)u = r{x)\u\P^^u 
in M" where the spectrum of —A + V{x) is positive. In the case n > 3 we use variational 
methods to prove that for all p € {:;^Z2, + £) there exist distributional solutions with a 
point singularity at the origin provided £ > is sufficiently small and V, F are bounded on 
M" \ Bi (0) and satisfy suitable Holder- type conditions at the origin. In the case n = 1 , 2 or 
n > 3, 1 < p < however, we show that every distributional solution of the more general 
equation — Au + V{x)rL = g{x, u) is a bounded strong solution if V is bounded and g satisfies 
certain growth conditions. 



1. Introduction and main result 

In this paper we investigate distributional solutions of the stationary nonlinear Schrodinger 
equation (NLS) 

(1.1) -/\u + V{x)u = V{x)\u\''-^u inM" 

forn G N and 1 < p < j^^- The NLS has been receiving much attention due to 
its applicability in different fields of mathematical physics, e.g. nonlinear optics, mean field 
theory, Bose-Einstein condensates. Spatially localized soliton-like solutions u G if^(M") of 
(11. ip can be expected whenever does not belong to the spectrum of —A + V{x). Ever since 
pioneering work of Strauss [25], Berestycki-Lions [HEj, Stuart [27] a lot of results on existence 
and non-existence of ground states/bound states, multiplicity, asymptotic behaviour, bifur- 
cation phenomena etc. have been obtained. In the case where V, F are positive constants 
the results of Gidas, Ni, Nirenberg [5] and Li [13] apply and show that all positive solutions 
decaying to at infinity must be radially symmetric. Recently, due to new developements 
in photonic crystals, the case of periodic coefficients V, F has been studied, cf. Pankov [TH] 
and Szulkin-Weth [2H]. In all of these works the solutions were weak (or classical) solutions 
belonging to H^iW^). 

More recently, distributional solutions of nonlinear elliptic boundary value problems like 
(11. ip have been studied. In the context of bounded domains various classes of very weak solu- 
tions, i.e. subclasses of distributional solutions with prescribed Dirichlet boundary data, have 
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been investigated, cf. Stampacchia [23], Brezis et al. [3], Quittner-Souplet [2T], McKenna- 
Reichel [H], McKenna et al. [10], del Pino et al. [1]. In the context of the Yamabe problem, 
Pacard [TTlfTS] and Mazzeo-Pacard [16] have also studied distributional solutions of nonlinear 
boundary value problems similar to (11. ip . In many of the above mentioned results the fol- 
lowing phenomenon occurs: for a range of exponents 1 < p < p* aA\ very weak solutions turn 
out to have no singularities and are indeed bounded weak/classical solutions of the nonlinear 
elliptic problem, whereas foTp*<p<p* + e unbounded very weak solutions were shown to 
exist. 

In the present paper we show a similar phenomenon for the NLS fll.ip . The singular dis- 
tributional solutions that we find have some properties in common with i7^(M")-solutions of 
(11. ip . e.g. they decay exponentially fast at infinity. On the other hand, even in cases where 
there are no non-trivial i7^(M") solutions, singular distributional solutions can be shown to 
exist, cf. Remark m Let us point out two further interesting aspects of singular distributional 
solutions of (II. ip : First, if V, T satisfy the conditions given below and are radially symmetric 
such that r is positive and radially decreasing and V is positive and radially increasing then 
by Li's result, cf. [13], all weak/classical non-negative solutions which decay to at infinity 
must be radially symmetric. However, using Theorem [2] one can construct a distributional 
solution which is not radially symmetric having a single point singularity at the origin al- 
though V, r are radially symmetric with respect to some point xq € \ {0}. Second, let 
us view singular distributional solutions from the point of view of numerical approximations. 
From the outcome of one numerical calculation of an approximate solution to (II. ip it is im- 
possible to tell if the computed result approximates a singular disitributional solution or a 
very large weak/classical solution. Mesh refinements may help to clarify it. However, from 
our Theorem |3] it is clear that below the exponent p* = (which is smaller than the usual 
critical exponent no such singular distributional solutions can exist. 

Our tools range from linear Schrodinger theory, calculus of variations. Green's functions to 
the use of singular integral estimates. Results concerning exponential decay of eigenf unctions 
are proved by an adapted version of Agmon's method (cf. [9], [TT], [T2]). 

In our first result Theorem [2] we follow the ideas of [10] , [16] to prove the existence of an 
unbounded exponentially decaying distributional solution of (II. ip when n > 3 and < 
p < + e for e > sufficiently small. We concentrate on the construction of distributional 
solutions with one point singularity at the origin. To this end we assume the following 
conditions onV,r:W^ M: 

(Hi) V e L°°(M" \ Bi{0)) and there are constants Ci > and a > ^ such that 

\V{x)\ < for almost all x E Bi{0). 

(H2) S := min(j(— A + V{x)) > where a denotes the L^-spectrum. 
(H3) r G L°°(]R") and there are constants C2 > and /3 > ^ such that 

|r(x) - r(0)| < C2\xf for almost all x E fii(O), 



where r(0) > 0. Rescaling (II. ip we can assume w.l.o.g. r(0) = 1. 
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In our second result Theorem [3] we show that for 1 < p < ^^^2)+ equation 

(1.2) -Au + V{x)u = g{x,u) in 

and in particular f 1 1.1 1) does not admit positive locally unbounded distributional solutions 
provided : M" x M — M is a Caratheodory function which satisfies 

(1.3) -C3 + C4SP < g{x,s) <C3 + C5sP (xgM",s>0). 

where C3, C4, C5 > 0. We also obtain a global boundedness and a global regularity result in 
the case g satisfies 

(1.4) \g{x,s)\<Ce{\s\ + \s\P) (xeM",sGM), 

where Cg > 0. In addition we find that distributional solutions of f ll.2p decay exponentially 
in the case 

n ^\ V \9{x,s)\ 

(1.5) limesssup — -- — = U. 

If remains open if or if not unbounded distributional solutions exists in the borderline case 

All our results are built on the following notion of a distributional solution. 

Definition 1. Let g : M" x M — )■ M &e a Caratheodory function with \g{x, s)\ < C{1 + |s|^) 
for all s G M, almost all x G M" and some C > 0, 1 < p < 00. A function u G Lf^^(M"') with 
Vu G L]^J^"') is called a distributional solution of (11. 2|) if 



u{—Aip + V{x)ip)dx= I g{x,u)ipdx for all (p G 



r( 



In contrast, a function u G Lf^^(M") with Vu, Vu G Lj^^iW") is called a weak solution of 
(O if 

(1.6) [ \/uVip + V{x)uipdx = I g{x,u)ipdx for all G C,"^(M"). 

Similarly, we say that u is a weak solution of (11. 2p on an open subset ^2 C if (II. 6p holds 
for all if G C^{^). A function u G L^^^iM"-) with -Am, Vu G Lj^^iM.'') will be called a strong 
solution of (II. 2p if —An + Vu = g{x, u) holds almost everywhere in M". 

Our main results are the following two theorems. 

Theorem 2 (Supercritical case). Let the assumptions (H1),(H2),(H3) hold and let n > 3. 
Then there exists e > such that for all p G (7^32' ~^ ^) ^^^^^^ ^■^ ^ distributional solution 
U of (II. ip with the following properties: 

(i) esssups^(o)f/ = +00 for all 5 > and U G L'?(M") /or a// 1 < g < 

(ii) For all 6 > the function U G H^{W \ Bs) is a weak solution of f|LT]) on W\Bs. 

(iii) For all /i G (0, VS) there > s^ic/i i/iai |f/(x)| < C^e"'^!^! z/ |a;| > 1. 

(iv) // in addition F > then U can be chosen to satisfy U > 0. 
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Theorem 3 (Subcritical case). LetneN, 1 <p< (^^z^, V e L°°(M"), let g -.W xR^R 
be a Caratheodory function and let u be a distributional solution of (11.21) . 

(1) (Local regularity) // g satisfies ([L3]) and if u > then u e PF;^;~(M") n TVfof (K") for 
all q G [1, oo). 

(2) (Global regularity) Ifg satisfies ([HD and if u E Lp(M'^) thenuE W^''^{R'')nW'^'^' {R"") 
for all q E [p, oo],q' E [p, oo). If in addition V satisfies (H2) and g satisfies (II. 5p then 
u E M^^''?(M")nVr2,<7'(^n) ^11^^ [l,oo],g' E (l,oo) and for allO<fi<V^ there 
isC^>0 such that \u{x)\ < C^e"''!^! m M". 

In both cases u is a strong solution of (II. 2p . 

Remark 4. 

(1) Note that for every compact set K C M" the potential V = lRn\K satisfies (H1),(H2) 
for every a > . 

(2) In the case n = 3,4,5,6 Theorem applies to every measurable function V which 
satisfies < Vq < V < Vi almost everywhere for some positive constants Vq, V\. For 
instance we find an unbounded distributional solution of the equation —Au + V{x)u = 
\u\P~^u in the case V E W^'°°{R"') is strictly monotone in some direction v E M", 
e.g. V{x) = vr + arctan(xf). This is quite interesting given the fact that in this case 
the only H^{R^)- solution is the trivial one. Indeed, if u E H^lR^) is a solution then 
u E H'^iR^) (see Theorem\^(2)) and testing the equation with d^u leads to 

= / iVuV^dyu) + VudyU — \u\^~^udyu \ dx 

= / dJ]-\Vu\' - ^\ur') +\ I Vdy{\u\')dx 

= -\ I {dyV)\u\Ux 
2 Jm" 

by density o/C^(M") m H^{R''). Hence, u = because d^V < m M". The above 
result is due to Tanaka I2^ . see also Theorem 1.3. in ITB^ . 

(3) // we add regularity assumptions on V and g in Theorem then elliptic regularity 
theory will give better results. If V and g are both -functions, say, then every 
positive distributional solution u of (II. 2p is in fact a classical solution. Similarly, 
if in Theorem V,g are both -functions then part (ii) of Theorem gives U E 
C°°(M"\{0}). 

(4) By a suitable choice of test functions one can extend the local regularity result of 
Theorem\^to possibly sign-changing solutions of equation (II. 2p where the nonlinearity 
satisfies the more general inequality \g{x,u)\ < c(l + |m|^). 

In the proof of Theorem |2] we always require < e < so that < p < and 
variational methods are applicable. Estimates involving p— will be carried out explicitly. 
Throughout the paper Br = {x E R^ : \x\ < r} is the open ball of radius r in and c is a 
constant which can change from line to line but which is independent of p. We use the symbol 
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(^j^^2)+ denote the value oo for n = 1, 2 and the value in the case n > 3. Similarly the 

symbols ^^-1)+ ' {6-n)+ used. The assumptions (HI), (H2) imply that the bilinear 
form 

(1.7) {u,v)v:= [ {VuVv + V{x)uv)dx {u,v e H\W')) 

generates a norm || ■ ||y on iJ^(M") which is equivalent to the standard iJ^-norm || ■ ||. 

Finally let us recall the definition of the Kato class K^, cf. Let hn{x,y) = \x — yp"" 
for n > 3, h2{x,y) = — log|x — y\ and hi{x,y) = 1. A measurable function : — R 
belongs to Kn, G N if 

lim sup / hn{x,y)\W{y)\dy = , n > 2, 

P^OxeK" J{\x-y\<p} 

sup / \W{y)\ dy < oo, n = 1. 



J {\x^y\<l} 

A norm on Kn is given by (cf. [22], p. 453, (A15)) 



||W^lk„ := sup / hn{x-y)\W{y)\dy. 

i^eM" J{\x-y\<l} 

If C is open we denote by -ft'„(fi) the set of measurable functions 14^ : M" — )■ M such that 
Win lies in the Kato class Kn- The mapping || := llVTlt^Hi^^^ defines a seminorm on 
Kn{^). For every q e (f , oo] there exists a constant Cg > such that 

(1-8) \\W\\K„in) < CgSUp \\W\\mB,iy)) 

y&n 

whenever the right hand side is finite. 

2. Proof of Theorem [2] 

Our existence proof of an unbounded distributional solution U is inspired by [10], |16] . 
We start by constructing an approximate solution uo of equation (11. ip which is unbounded 
near 0. Then we determine a functional J : H^{M."') — )■ M such that every critical point 
u G H^iW") of J gives rise to a distributional solution U := Mq + m of (11. ip which has the 
desired properties. The main difficulty will be to prove that J has a critical point. The proof 
of the parts (i) and (ii), (iii), (iv) will be given in section fl^ \2.5\ respectively. 

2.1. Construction of an unbounded approximate solution. For p > let the func- 
tion Ui G C°^(M" \ {0}) be defined by 

2 2 ?, 1 

(2.1) ui{x) := Cnjx]" p--' where Cn,p = ( 7{n-2 t))"'^- 

p — 1 p — I 

Notice that c„,p — as p \ and 

(2.2) -Ami = in M" \ {0}. 
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Replacing ui outside a suitable ball Bp by an exponentially decreasing classical solution U2 
of 

(2.3) -Au2 + U2 = u^2 in \ Bp 

we define the approximate solution 



(2.4) uo{x) 




X G Bp, 

X G M" \ Bp. 



It turns out that such a function uq can be constructed with properties stated next. To state 
the Proposition let us define 

d+uo X = hm , d^Uo{x)= hm 

i-s>0+ t t^0+ t 

for z/(x) = A whenever the limits exist. 

V ' \x\ 

Proposition 5 (Existence of an approximate solution). Let n G N, n > 3. Then there exists 
a radius p > I and a constant c > such that for all p G (;^, ^z^) there is a radially 
symmetric function uq : M" \ {0} — t- (0, oo) with the following properties: 

(i) Uq G C^{Bp \ {0}) solves f l2.2p in Bp \ {0} in the classical sense. 

(ii) Uq G C^(M'" \ Bp) solves (12.31) in M" \ Bp in the classical sense. 

(iii) Mo G C(M"' \ {0}) and all first and second order derivatives of Uq admit continuous 
extensions to dBp from either side. Moreover, for all6 > we have uq G H'^{W^\Bs). 

(iv) lim^^QUQ^x) = +00. 

(v) \d^uo{x) — d~uo{x)\ < ccn,p for all x G dBp. 

(vi) Mo satisfies the estimate 



(2.5) Uo{x) < 



2 

Cn,p\A "'^ for X G Bp, 

\x\— p 

Cn,pe ~ for X G \ Bp 



In particular, uq G L^(]R"') for all g G [1, "'■^^ ^'^ ). 
For a proof of this result we refer to Appendix A. 

2.2. Variational setting. Given mq from Proposition [5] we prove existence of an unbounded 
distributional solution U of (11.11) using the ansatz 

(2.6) U:=Uo + u 

where u G if^(]R") will be constructed as a local minimizer of a suitable functional J : 
if^(M'') M. Once the existence of u is shown we will see that U := uq + u is a weak 
solution of (11. ip on \ B^ for every 6 > and a distributional solution of (II. ip on M". The 
definition of J stems from the following motivation. 

For a fixed test function ip G C^(M" \ {0}) we have by Proposition [5] 



(2.7) / {VuoVif + V{x)uo(p) dx = j ultpdx+d) {d'^uo — d^uo)ipd(7 

'dBp 
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+ / V{x)uo(pdx+ / {V (x) — l)uo(p dx 

JBp Jr"\Bp 

Since we want U to be a weak solution of f ll.ip in M" \ Bg for all 5 > we require 

[ {\/UVip + V{x)Uip)dx = [ T{x)\U\P~^Uipdx. 
Hence, the function u G //^(M") that we seek must satisfy 
(2.8) / {VuVif + V{x)u(p)dx = / (t{x)\uo + u\''~^{uo + u) -ul)ipdx 



V{x)uo(pdx— / {V (x) — l)uo(p dx 

Jr"\Bp 

{d^UQ - d~uo)ipda. 

•p 

Thus, we will look for critical points u G H^iW^) of the functional J : H^(W^') — )> R given by 
(2.9) J[u] := ^\\u\\'y - Ji[u] - J2M + J3M 

where || ■ ||v is defined by ([TTD and Ji : H\W) ^ M (i = 1, 2, 3) are defined by 
Ji[u] = / Fi{u,x)dx, z = l,2, 

0^3 M = / V{x)uQudx+ / iy {x) — 1)uqU dx + (h {O'^Uq — d~Uo)'y{u) da. 



Here 7 : if-'^(M") — )■ L'^{dBp) denotes the trace operator and the functions Fi, F2 : MxM" — M 
are given by 

Fiis^x) = -±^{\s + uo{x)r'-Uo{xY^' - {p+l)uo{xrs), 
p + 1 ^ 

F2{s,x) = ^^"^l ~ ^ {\uo{x) + - uo{xr+'). 
p + 1 

We will prove in Proposition [H] that J is well-defined and continuously Frechet-differentiable. 

In order to find a positive distributional solution of (11. ip in the case F > we introduce 
the functional J : if^(M'") — M given by 



where 



(2.10) -^M := ^ll^lly - / Fi{u,x)dx- / F2{u,x) dx + J^lu] 

A(5, x) = {{s + Uo{x)r+' - uoixY^' -ip + l)uo{xrs) , 
p + 1 

F2{s,x) = ^^^{{uo{x) + s)l^' - Uo{xr+') 
p + 1 ^ ' 
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The results of the upcoming section will hold for both J and J due to the fact that the 
inequalities dm]) . ( E;T^ . flCT]) . flT^ and thus ^IM-^M.^M also hold for A,^2- 

2.3. Existence of a critical point. The proof of Theorem [2] relies on the following results. 
First we show in Proposition [H] that the functional J is well-defined and continuously Frechet- 
differentiable for all p G (;^, In Proposition [8] we prove next J[u\ > m > for all 

u G H^iMP') with = tq and all p G (^33' + ^) appropriately chosen m,ro,e > 0. 
Using Ekeland's variational principle we then prove in Proposition IHlthe existence of a critical 
point u of J. Finally, in Lemma [TD] we show that U := Uq + it indeed defines an unbounded 
distributional solution of (11. ip . 

We start by proving that J is well-defined and continuously Frechet-differentiable. 

Proposition 6. Let the assumptions of Theorem\^hold. Then the functional J given by ( 12. 9 p 
is well-defined and continuously Frechet-differentiable for all p G (;^, ^zf) with Frechet- 
derivative 



J'[u]{(p) = {u,(p)v - / {F[{u,x)ip + F2iu,x)(p) dx + Jslif]. 

Here ' refers to the partial derivative with respect to the first variable. 

Proof. J is well-defined: First we show that Ji, J2 are well-defined. The estimates 

(2.11) \Fiis,x)\ < c{uoixY-\s^ + \s\P+^), 

(2.12) 1^2(5, x)| < c\T{x) - 1| {uo{xy\s\ + 
together with (12. 5p and (H3) imply 

(2.13) |i^i(^,^)l<c L ^'l^lf Z 



\s\P+^ + cP-j^\s\^, ifxeW'\Bp, 
+ cljxf'^' ifxG5 



(2.14) \F,{s,x)\<c{ _ T^-\.-Jt -f 

-n,p<2 '2' ^'\s\, if a; G M ^^p- 

By Hardy's inequality we obtain from (I2.13P 

dx 



(2.15) |JiM|<c(/ \urUx + c?-^' f y!rfx + c^7// 

yjR" JBp Fl 



1||„.||2^ 



Since /3 > ^ by (H3) and p > ^ we have p-i ||l2(Sp) < c. Hence (I2.14p and Hardy's 

inequality imply 

(2.16) |J2MI<c(/ \u\P+Ux + cl^p [ \xf'^'j^dx + cl^f e-§l^-''l|M|rfx 



< c{\\u\r' + ciju\ 

Therefore Ji, J2 are well-defined. 
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It remains to prove that J3 is well-defined. From a > by assumption (HI) and p > -^^^ 
we infer |a;|°'''p-i G L^{Bp) with 

(2.17) D{p) := II \xrf^ |U.(B,) < c (2« + ^ + n) 
Therefore (12.51) and Hardy's inequality yield 

[ f cc I P^*^ 1*^1 

(2.18) / \V{x)uou\ dx < ccn^p \x\ p-^- — T dx < CCn,pD{p)\\u\\ 

JBp ' JBp fI 

so that the first integral in J3 is well-defined on H^{W^). The remaining two integrals in 
J3 are also well-defined on if^(]R") since Uq decays exponentially at infinity and since the 
one-sided derivatives in the boundary integral exist by Proposition [5] (i),(ii)- Hence, J is 
well-defined. 

Frechet- differentiability: Since J3 is linear we only have to deal with Ji, J2. Similar to the 
calculations above we get for i = 1, 2, x G M*^, s, t G M 

\Fi{s + t,x)-Fi{s,x)-tFl{s,x)\ 

< c\\uq{x) + s + t|P+^ - |no(x) + s|P+^ - (p+ l)|no(x) + s\^-^{uo{x) + s)t\ 

(2.19) <c(|no(x) + s|f-42 + |t|P+i) 

< c (mo(x)p-V + |s|^-V + |t|P+i), 

where for i = 2 we estimated |r(x) — 1| < ||r||oo + 1. Hardy's and Sobolev's inequality and 
the exponential decay of uq from (12. 5p yield 

/ \Fi{u + h,x) - Fi{u,x) -hFl{u,x)\dx <c{\\h\\'^ +\\h\\'^^), i = l,2, 

for all u,h & H^{W^) which shows that the functionals Ji, J2 are Frechet-differentiable. 

Continuity of the Frechet- derivative: Again we only need to consider J[ and By the mean 
value theorem we get for z = 1, 2 

\F^{s,x) - F^{t,x)\ < c\\s + Uo{x)\P~\s + Uo{x)) - \t + uo{x)\P~\t + uo{x))\ 

(2.20) = c\s — t\\a + uq{x)\^~^ for a between s, t 

< c\s - t\{\s\P~^ + \t\P~^ + \x\"^). 

Hence, if (uj) converges to u in i7^(]R") and if y9 G -ff^(]R") with \\(p\\ = 1 then 
\J-[uj]{ip) - J-[u]{^)\ < c I {\u\P~^ + \uj\P~^ + \x\~'^)\uj-u\\^\dx 

(2.21) < c(||M||^pji(jg„-| + ||Mj||^pii(ig;n))||Mj - m|Up+1(R")||v5||lp+1(M") 

-|- c||mj — m|| \\ip\\ 

< ci\\u\\P~^ + \\u,\\P-' + l)\\uj - u\\ 
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where we have used a triple Holder-inequahty, Hardy's inequahty and Sobolev's embedding 
theorem. This shows Ji[uj] — )■ Ji[u] which finishes the proof. □ 

2 

Remark 7. Note that in the case n > 3,a < the integral V{x)\x\~p~^udx is not 
well-defined for all u G if^(]R") and all p > Indeed, ifV{x) = near the origin and 

2 

a < then we can find p > ^^^^ ^'^^ ^ ^ iJ^(]R") such that \V{x)\\x\~~\u\ dx = +oo, 
e.g. choose u{x) = |x|i^^"~"e-l^'l' G H\W) for p e «/-^ < a < ^ and 

p G (;;32' °*^) ^^'^^ — 

Proposition 8. Let the assumptions of Theorem\^hold. Then there exist values e,m,rQ > 
such that for all p G (7^, + s) 

J[u] > m for all u G if^(M") with \\u\\ = tq. 

Proof. The choice of e, m, ro > stems from the estimate 

(2.22) .J[u] > A{p)\\uf - B\\u\\P+^ - C{p)\\u\\ 

where A{p) — )■ A > for some A > 0, B > and C{p) — as p \ Let us first finish 
the proof assuming that fl2.22p has aheady been shown. 

Choice of e,m,rQ: Let Tq := min{(^)9^ : < q < and m := jr^. We choose e > 
so small that for all p G (;^, + one has A{p) > ^ and C(j») < jTq. Then for all 
p G (;;32' + ^) ^^"-^ ^ ^ H^{W"-) with = ro we have 

Aip)\\uf - i?||«r+i - C{p)\\u\\ > ^rl - Brl'' - C{p)r, > r^^ ' ^ ' ^) = ^ 
which gives the result. 

It remains to prove fl2.22p . Let A > be a constant such that || ■ ||y > 2A|| • |p on H^^W) 
(see Remark H]). Using the estimates (12.151) . (I2.16P we get 

\Mu]\ + \Mu]\ < c i\\u\r' + + ciju\\). 

From Proposition [5l (12.180 and the trace theorem we obtain 
l-^sMI < / \V{x)uou\dx + 

J Bp 

<CCn,p{D{p) + l)\\u\l 

where the value D{j)) is defined in (12.171) . This results in the estimate 
1 



\{y {x) - 1)uqu\ dx + I \d^UQ - dj^UQ\\'^{u)\da 

\Bp JdBp 



J[u] > 7;\\u\\y — \Ji[u] \ — \J2[u] \ — I JsK 

C\\ur+^ - c{cl^p + Cn,p{D{p) + 1)) IIMI 
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Clearly, A{p) — A as p \ Furthermore, C{p) — ?■ as p \ Indeed, if a > then 
fl2.17p shows that D{p) is uniformly bounded in p for p > If a = then D[p) — )■ oo 
but still Cn,pD{p) ^ as p \ This finally proves flZ^ . □ 

Now we look for a critical point within {u G iJ^(]R'") : ||n|| < tq}. We recall Ekeland's 
variational principle, cf. Struwe Theorem 5.1. 

Ekeland's variational principle. Let M be a complete metric space with metric d, and let 
J : M — 7- M U {+00} be lower semi- continuous, bounded from below, and ^ 00. Then, for 
any 77, 5 > 0, and u E M with 

Jlu] < inf J + rj 

M 

there is an element w E M strictly minimizing the functional 

Jw[z] = J[z] + -d{w, z). 


Moreover, we have J[w] < J[u] and d{w,u) < 6. 

Proposition 9. Let the assumptions of Theorem hold and let e, m,ro > be the values 
from Proposition^^ Then for all p G (;^, + s) the functional J has a nontrivial critical 
point u e H'^iW^) with < tq. 

Proof. Step 1: Let us find a weakly convergent Palais-Smale sequence. Consider the 
minimization problem 

inf J where M = {u e H^iW) : \\u\\ < roj. 

M 

Choose a positive sequence rjj — )■ as j — )■ 00 and let Uj G M be such that 

J[uA < inf J + ?7-. 

Using Ekeland's variational principle with rj = rj"^ and 6 = rjj we find Uj G M such that 

J[uj] < J[z] + rij\\z — UjW for all z G M. 

Then (uj) is also a minimizing sequence for J\m and since G M and J[0] = < m we 
see that < tq for large j. Hence, almost all Uj are interior points of M. Applying the 
estimate 

J[z] = J[uj] + J'[uj]{z - Uj) + o{\\z - UjW) 

< J[z] + J'[uj]{z — Uj) + rij\\z — UjW + o{Wz — UjW) as z ^ Uj, z E M 
to ^ = Uj + tv with lit" II = 1 we find for t — 

II J'[tij]|| = sup I J'[Mj](t')| < ?7j — !■ as j — J- 00, 

i.e. {uj) is a minimizing Palais-Smale sequence of J\m- Moreover, since {uj) is bounded in 
if^(M") by ro we may assume (up to selecting subsequences) that Uj ^ -u in H^{W) and 
Uj — u almost everywhere in M". 
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Step 2: Let us show that the weak hmit £t is a critical point of J . So let ip G C^(M'") be a 
fixed test function, K := supp Because of Uj — )■ -u in L^'^^i^K) by compact embedding we 
may use Lemma A.l in [31] to find a function w^p G U''^'^{K) and a subsequence (possibly 
depending on tp) again denoted by {uj) such that \u\, \uj\ < w^p. Recalling fl2.20p we get 

I Jj'[Mj]v9 — Jj'fMjv?! ^ c / {^^^^ + 1 — r^) I'^j ~ '^llv'l i = 1, 2 and j G N. 

JK \A 



The integrand is pointwise almost everywhere bounded by 2tf;^|(/9| + Since w^p G 

Lf+^(/C),V3 G L~(i^) and \x\-'^ G L~ {K) the dominated convergence theorem applies and 
yields 

J'A^j]i.v) J'A^]i.v) for 2 = 1,2 as J oo. 
Weak convergence implies {uj,ip)v — ^ {u,'^)v- Furthermore J!^[uj]{(p) = J^[u]{ip) = Jsl^p] by 
linearity. In total we see that J'[u]{(p) = limj_j.oo J'i'^jKv) = for every ip G C^(M'^) which 
proves the result. □ 

2.4. The distributional solution property. In Proposition [H] we have proved that under 
the assumptions of Theorem [2] a critical point u G H^{MP) of J exists provided e > is 
sufficiently small. Due to the properties of uq (cf. Proposition [5j) we find that U = uq + u 
lies in H\W \ Bs) for every 5 > and f/ G Ll^{W) for all q G [1, ^i^^). From part (in) 

of Theorem [2] which is proved in the next section we get U G L^(R"') for all q G [1, '^^^~^^ ). 
Since the Euler-equation (12. 8 p for u and equation (12. 7p hold for all p} G C^(M" \ {0}) we 
obtain that for every 6 > the function U = uq + u is a weak solution of (II. ip on MJ^ \Bs. 

In order to complete the proof of Theorem [2l(i),(ii) it therefore remains to show that U is 
an unbounded distributional solution of (II. ip . 

Lemma 10. Let the assumptions of Theorem\^ hold and let u G H^(W^) he a critical point 
of J according to Proposition\^ Then the function U := uq + u is a distributional solution 
of (11.11) with esssup^^jf/ = +oo for all 6 > 0. 

Proof. According to the definition of Uq for all 6 > 0: 

\uo{x)\dx = 0(r^+"), / \uo{x)\Pdx = o(r^+"), 

Jbs 

|Mo(a;)Mx = 0(r^^+"-'), / |9^Mo(a;)Mx = 0(r^+"-'). 

dBg JdBs 

All integrals converge to as 5 since p > ^ > ^ > Hence, for all p G C^(]R") 
we find from Proposition [5l(i) 



/ uo{—Ap)dx = \im / uo{—Ap)dx 
J Bo Jbo\b, 



'p\Bs 

lim / {—Auo)pdx— (p {uod'^ p — pd'^ uq) da 

■5^0 JBp\Bs JdBp 
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(2.23) = / u^cpdx— ® {uod'^ip — (pd'^uo) da 

J Bp JdBp 

and since ip has compact support Proposition [5l(ii) implies 



uo{—A(p) dx = {—Auo)ip dx + (p {uod^ ip — ipd^ uq) da 

"\Bp Jr'^\Bp JdBp 



(2.24) = / (ng - uo)(p dx+ (t {u^d^ (f - ipd^ uq) da. 

Jr"\Bp JdBp 

Since (p is smooth we have d~(p = d^ip on dBp. Using (HI) we find Vuq G L\^J^^) by direct 
calculation. Hence, 



/ UQ{—Aip + V{x)ip)dx= / u^ipdx+ I V{x)uQipdx 

Jr" Jr" J Bo 



(2.25) +/ {V{x)-l)uo^da+ (p {d^uo - d~Uo)'P da. 

Jr"\Bp JdBp 

On the other hand m is a critical point of J and thus satisfies the Euler-equation (12. 8 p for all 
(p G H\W). Moreover, Vu G Aoc(^") and hence, VU = Vuo + Vue LlM""). Adding up 
(1^ and (E2S]) gives 

[ U{-Ap) + V{x)p))dx= I T{x)\U\P-^U^dx for all G C° 

Hence, f/ is a distributional solution of (II. ip . 

Now assume U < Cs < oo almost everywhere on for some 6 > 0. Choosing 6' G (0, 6) 
such that Uo{x) > 2Cs on Bs> (see Proposition [Sl(iv)) we get u = U — uq < — ^ < almost 
everywhere on Bs' and thus 

1,, „ 

\\U\\ 2n > - kin 2n = +CX) 

which contradicts u G H^{W^). Hence, esssupg^U = +oo. □ 
Remark 11. Clearly, Uq ^ H\Bi) so that U := Uq + u H\W). 

2.5. Exponential decay. Let us prove part (iii) of Theorem|2j For the reader's convenience 
we only present the main idea of the proof, details are given in Appendix B. 

Lemma 12. Let the assumptions of Theorem\^ hold and let u G H^{W^') he a critical point 
of J according to Proposition\^ let U := Uq + u. Then for all < fi < there is Cfj_ > 
such that \U{x)\ < C^e"''!'^! for all x eW with \x\>l. 

Proof Applying Proposition [20] to u = U,Q = M" \B2,q = p and W := V - r\U\P-H^,.\B2 
we deduce that U can be assumed to be continuous and that we have U{x) — > as \x\ — )■ oo. 

Note that W G L°°(M" \ Bi) + L (-^Kp-d (M" \ Bi) C K^iW \ B2) due to > f and 

(11.81) . From U{x) — )■ as |x| — j- 00 and [20], Theorem 8.3.1 we obtain 

aessi-A + W) = aess{-A + V)C [S, 00). 
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Then Proposition ED applied to = M" \ fia, s = (^.j^^.^p q = 2 gives \U{x)\ < C^^e"^!^! for 

all X G M" with |x| > 3. Since U G H\W \ Bg) satisfies a subcritical elliptic PDE in M" \ Bs 
for all 5 > the result follows from the DeGiorgi-Nash-Moser local boundedness principle. 
□ 

2.6. Positivity in the case F > 0. In this section we prove part (iv) of Theorem [2], so let 
us assume F > 0. As pointed out before (see f l2.10p and the following remarks) the results of 
the previous sections 12. 3[ 12. 4[ 12.51 also apply to J, in particular we find a critical point ii of 
J. By Lemma fTOl the function U = uq + u satisfies ess sup ^^f/ = +oo for all 5 > and is a 
distributional solution of 

[ U{-A^ + V{x)^)dx = [ T{x)Ul^dx for all G Co°°(M™). 

It remains to show that If must be positive. 

To this end let G C^(R'"), ^ > he arbitrary, set K := supp(7/'). Let then w G H'^{W) 
be the unique weak solution of —Aw + V{x)w = ip obtained by minimizing the functional 
L[z]:= |Vz|2 + V{x)z^ - 2i)zdx over H^{W). 

Since > one sees that w >Q {liw is a, minimizer then also \w\ is a minimizer and L has 
a unique minimizer). Then — Aw = / in the weak sense where f = ip — Vw and V G L^^^(]R") 
for all q G [1, JqZ^)- From (HI) and w G L^^(M") we infer / G ^^t all q G [1, f ) 

so that Calderon-Zygmund estimates (cf. Chapter 9 in [6]) imply w G W^^^lM."') for all 
g G [1, f ). Sobolev's imbedding theorem then implies / G Ll^^{R"-) for all g G [1, (gZ^) ^^^1 

thus w G Wi^^{W) for all g G [1, Tgz^) again by Calderon-Zygmund estimates. In particular, 
up to a set of measure zero w is locally uniformly continuous and satisfies —Aw + Vw = ip 
pointwise in M". 

Since p > we can find s G (-t^^twt, ttt^^)- Recall from Section [23] that this choice 
of s implies U G L^{K). Let (yjfc) be a sequence of positive C^(]R") -functions such that 
ipk ^ w uniformly on K and in W'^'^K). Then UV G L^{K) and 

/ ?7(x) ( - Aty + V{x)w) dx 
Jk 

lim / U{x) ( — AiyCfc + V{x)(pk) dx 
lim / T{x)U{x)^(pkix) dx 
/ T{x)U{x)lw{x) dx > 0. 

Since ip G C^(M"'),'?/^ > is arbitrary we obtain U >0 almost everywhere. □ 



U{x)ip{x) dx 
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3. Proof of Theorem O 

Under the assumptions of Theorem [3] we now prove regularity properties of distributional 
solutions of fll.2p in the case 1 < p < (^^-2)+ ■ -^^^ w > we rewrite (11.21) in the following way 

(3.1) —Au + uju = g;^ where gi^{x) := g{x,u{x)) + {uj — V{x))u{x). 

We will show that (13. ip can be written in form of an integral equation using the Green 
function of —A + u. Therefore we are lead to study the operator given by 

Tu^if) ■■= G^{x - y)f{y)dy. 

It is well-known (cf. [Z], [21]) that 

(3.2) G^{x) = io'^Giiy^x) = {27r)-^\uj-^/^x\^Kn^{^\x\). 
The following expansions can be found in [7] for multiindices a with |a| > 1: 

rO(l), n = l 

(3.3) G<^(x) = < O(log^), n = 2 as |x| -> 0, G^(x) = 0(e~^l^'l) as |x| oo. 

[o(|x|2-"), n>3 

(3.4) D^G^ix) = 0(|xp-""l"l) as |x| ^ 0, D"G^{x) = O(e^^l^l) as |x| ^ oo. 

The proof of Theorem [3] is given in three steps: In Proposition [13] and Proposition [T3] 
we study the mapping properties of for fixed w > in order to prove in Proposition [16] 
the representation formula u = T^^g^S) for every distributional solution u of (II. 2p with u G 
LP(]R"; uq) and uq < u. Finally we obtain the regularity result of Theorem|3]by a combination 
of the mapping properties of T^^ with the continuity/decay results of Proposition [20] and 
Proposition fH] 

Proposition 13. Let cu > 0, A; G {0, 1, 2} and q,r E [1, oo] . Then 

: L^(M") -> W'''''{W) 
provided s := (1 + ^ — ^)~^ satisfies one of the following conditions: 

(i) Case k = 0: s e [1, (^^-2)+ ) orn = l,s = oo orn > 3, g G (1, |), s = 

(ii) Case k = 1: s E [I, (^^-1)+ ) or n = l,s = oo or n > 2,q E {l,n), s = 

(iii) Case k = 2: q = r E (l,oo). 

In each case there exists a constant c = c{k, q, r,n) > such that 

llT./lk^.^Rn) < c||/|U,(M«) for all f E L'?(M"). 
Furthermore, in the cases k = 1 or k = 2 we have for all \a\ = 1 

D^{TJ){x)= f {D^G^){x-y)f{y)dy. 
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Proof. The proof of (iii) can be found in [21], Theorem 3, Chapter V. Let us prove (i), i.e, 
k = 0. Young's inequahty gives 

provided q,r,s G [1, c>o] satisfy 1 + ^ = ^ + ^. In the cases n = l,n > 2 the asymptotic 
formulas show that G L"(M") for all s G [1, oo], [1, respectively and the 

first two subcases are proved. The case n > 3, g G (l,|),s = follows from (iii) and 

Sobolev's imbedding theorem W^''^{W) L^(M"). 

Next we prove (ii). By ([33D, (El]) we have |VG^(z)| ~ as z -» and \VGu;{z)\ ~ 

g-v^|2| _^ Hence IVG^^I G /.""(M") for s G [l,oo], [1, ^) in the cases n = l,n > 2 

respectively. In these cases the dominated convergence theorem and Young's inequality apply 
and yield V(T^/) = VG^j * / as well as 

II I V(r(^/)| ||l'-(]R") < |||VGa;|||L''(R")||/||L9(Mn). 

The case n > 2, g G (1, n), s = again follows from the case k = 2 and Sobolev's imbedding 
theorem W^'''{R'') W^~{W). □ 

We will also need the following local version of Proposition [13] where we use weighted 
Lebesgue spaces 

(3.5) L'i{W;u) := {uE Ll^iW) : [ |M(x)|''e-^l"l < cx)}. 

for 1 < g < oo and to > 0. We set ||M||L<'(M";a;) := {J^n \u{x)\'^e~'^^^^ dxf'^'^ . 
Proposition 14. Let u > 0, k E {0,1} andq,r E [l,oo]. Then 

T.:LL(M")nLi(M-a;)^<:r(M") 
provided s := (1 + ^ — ^)^^ satisfies one of the following conditions: 
(i) Case k = 0: s E [1, (^^-2)+ ) or = 1, s = oo. 
(ii) Case k = 1: s E [1, (~[)^) orn = 1, s = oo. 

/n each case for all compact sets Ki,K2 such that Ki CC K2 there exists a constant c = 
c{k, q, r, n, Ki, K2) > such that 

WTJWw^.r^K,) < c(||/||l.{A',) + ||/||lMM";c.)) for all f E Ll^{R-) n L\W\u) 
First order derivatives ofT^f can be taken under the integral as in Proposition ITR 

Proof. Consider first the case k = 0. For given compact sets Ki, K2 with Ki GG K2 let B 
be an open ball centered at such that Ki + B G K2 where Ki+ B denotes the Minkowski 
sum of Ki and 5. Then there exists > such that \G^{z) \ < Gbc'^^'^ for all z G \ 5, 
cf. (13.31) . If g, r are as in the theorem with r < 00 then Proposition [131 (i) shows 

\\TJ\\lr^K.^< [ ([ G^{x-y)\f{y)\dy+ [ G^{x - y)\f{y)\ dy] dx 

JKi \Jx+B Jx+R"\B J 
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<c(\\U\flKMUR^)+Ch [ if e^^\^\-\y\'>\f{y)\dyydx 

\ JKi JR" 

<c(\\flK,\\U^.) + { [ e~^\y\\f{y)\dy) 



— c(||/||l'J{/^2) + ll/llLi{R";aj))- 

In the case r = oo we obtain with the same notations as above 

\Kf\\L-iK,)<c(\\T^{\flKML-{R-) + \\ I eV^(l-l-I^IV(2/)MylU-(i^.) 

< c(||/||l,(A'2) + ||/||Li(K";a;)) • 

This finishes the proof of (i). The case /c = 1 is treated similarly using the mapping property 
(ii) in Proposition [T3] instead of (i). □ 

Next we prove the representation formula u = Ti^{gtu) for distributional solutions u of 
(11.21) which satisfy u G L^(M"'; cuq) for some uq < u. To this end we first show that the 
corresponding linear problem has at most one solution in L^{W^]U}). 

Proposition 15. Let v G L^(M";cj) be a distributional solution of —Av + uv = 0. Then 
V = 0. 

Proof. Let G C^(M") be arbitrary and for i? > set ipa := XrTu^W G C^{W) where 
Xr{^) = x{R~^^) foi' a fixed function x ^ C(f (M") with x(0) = 1. Since v G L-^(M";a;) we 
have \T^{i))\\v\ + \VT^{i))\\v\ G L^{W^). Hence the dominated convergence theorem gives 



lim ) 


V 


-R— >oo J 




lim 


/ 






/ vijjdx. 



Xrvi/j dx+ ( - AxrT^W - 2Vxr^T^W)v dx 
7r" 



Since ip G C^(M"') was arbitrary we get f = 0. □ 

Proposition 16. Let 1 < p < oo and /ei : x M — )■ M 6e a Caratheodory function with 
\g{x,s)\ < C{1 + \s\P) for all s e R and almost all x G M". Let u G Lp(M"';wo) for some 
Uf) > be a distributional solution of (11. 2p . Then for all u > Uq we have u = T^{g^) almost 
everywhere on M" with given by (13. ip . 

Proof. By assumption the function u G L^(M";a;o) C L^{W^\u) satisfies 

f u{-A^ + uj^)dx= [ g^ifidx V^gCo"^(M"). 
Jr" Jr" 

On the other hand let us show that T^[g^) G L^{W^]u) satisfies the same integral relation. 
Indeed, we have g^i = g{-,u) + (cu — V)u G L^(M"'; cuq) so that (13. 3 p implies 

/ \TM.)\e-^\^\dx< [ [ GUx-y)\gM\e-^^''^dxdy 
Jr" Jr" 
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dy 



'{\^-v\>^} 
eV^^\y\G^{x - y)e"^l"l dx 



'{k"y|<i} 



C / gv^lJ/lg-v^l^-J/lg-v^l^l 
{|^-?^I>1} 

+ / e^°\y\G^{x-y)e-^^\y\-^Ux\dy 

'{\x-y\<l} J 

<cl \gM\e~^'^y^\ I e(v^^^)l^l(ix+ /" G^{z)dz]dy 

Jr" '-J{\x-y\>l} J{\z\<^} 

where we have used that G^^ is a locally integrable function. Furthermore, Fubini's theorem 
yields for ^ G G^{W) 

/ T^{gcu){-^V^ + uj^)dx = / I / Gu;{x -y)gui{y)dy\ {-Aip{x) +uj(p{x))dx 

g^{y) ( / G^{x - y)(-A</?(x) + c/x ) dy 

5'a;(y) ( / Guj{y - x){-Aip{x) + uj(p{x)) dx] dy 

(3.6) = / g^{y)^{y)dy. 

Applying Proposition [TSl to v = u — T^{gu!) we conclude n = Ti^{guj)- D 



3.1. Proof of Theorem El (2). Let g satisfy ([13]) and let u G Lp(M") be a distributional 
solution of (11. 2p . Then (II. 4p and the assumption 1 < p < implies that 

W{x) := - ^^i-I^l^,(,)^o} 

lies in the Kato class Kn - see (II. 8p - and thus Proposition [2D] implies u G L°°(M") and 
^ as |x| oo. Hence, n G n and thus g^ G Lp(M") n where 

^^tj is defined in (13. ip . From Proposition [16] we get u = Ti^{gui)- From Proposition [T3] with 
{k,q,r) = (l,g,g),g G [p, C)o] and {k,q,r) = {2,q',q'),q' G [p, C)o) we get u G M/^"^'''(M") fl 
W^2,<?'(Mn) for all g G [p, cx)], g' G [p, oo). 
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Now, in addition let us assume (H2) and f ll.Sp . Then [20], Theorem 8.3.1 imphes 

aess{-A + W{x)) = aess{-A + V{x)) C [S, oo) 

Hence, Proposition [2T] apphes to u and f2 = M" and it follows < C^e"^'^' for almost 

all X e M". In particular u G L\W) so that u G iy^''?(M") n W^''^' (W) for all g G [1, oo], g' G 
(l,oo) by Proposition [T3l 

Finally, for all (p G C^{M.'^) we get from u G iy;^'j^(M"') and the definition of a weak 
derivative 

/ {—Au + Vu)(pdx= / m(— A(/? + (ix = / g{x,u)(pdx, 
Jr" Jr" Jr" 

hence —Au + Vu = g{x, u) almost everywhere which proves that u is a strong solution of 

(USD. 

□ 

3.2. Proof of Theorem [3l(l). Our aim is to show that u satisfies the assumptions of 
Proposition [16] so that we may infer the local regularity properties of ti from the representation 
formula u = T^{gu)) and the mapping properties of T^. For our approach we first need to 
check that functions in Wq'°°{W^) with compact support are admissible test functions for 

Proposition 17. Let the assumptions of Theorem\^(l) hold. Then 

I u{— Aip + V {x)(p) dx = I g{x,u)(pdx 
Jr" Jr" 

for all If G 14^0^'°° (M") such that supp(v9) is compact. 

Proof. Let (p G Wq'°^{W^) with compact support. By mollification we obtain a sequence ipk G 
C^(M"') and a compact set K such that supp(v9), supp{(fk) C K, Aipk — ^ Aip pointwise almost 
everywhere in K, \A(fk\ < ||Ay9||oo and </?fc — > (/? uniformly. The dominated convergence 
theorem gives 

g{x,u)ipdx= I g{x,u)(pdx 



K 



lim / g{x,u)(pkdx 
Jk 

lim / u{—A(pk + V{x)(pk) dx 
Jk 

u{—A(p + V{x)(p) dx 
u{—Aip + V{x)ip) dx. 

□ 
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In the following Proposition we verify the assumptions of Proposition [TBI in order to deduce 
u = T^iguj)- 

Proposition 18. Let the assumptions of Theorem\^(l) hold. Then u G L'p{MP-]ujq) for all 

UJq > 0. 

Proof. Let J n-2 denote the Bessel function of the first kind of order let v{r) : = 

J n-2 (r)r^~ . Then v lies in C°°(M) and is a classical radially symmetric solution of —Aip = ip. 
Furthermore, there is ro > such that v is strictly decreasing in [0, Tq) and f '(rg) = 0, f (rg) =: 
K < 0. For R > the function ipji defined by 

X 

ipnix) = V3(— ) where (p{x) = {v{x) - k) ■ l{|x|<ro} 

is positive in -B/jro with supp((/9/{) = B^ra- By the choice of k we have (p G C^'^(W^) and 
Rademacher's theorem applied to dx^^p, i = 1, . . . ,n shows that ip G Wq'^ (R"') . Moreover, 
ipR satisfies the differential equation 

1 \k\ 

-AifR + V{x)ipR = {iV{x) + -^Wr - -^) ■ l{|x|<i?ro} 

pointwise a.e. in M". By Proposition [T7] we may use (pn as a test function in (11 ■2p . Positivity 
of u and —Aip^i + V{x)(pji < {\\V\\Loc(^^n-^ + l)'p>R almost everywhere for all i? > 1 implies 

[-AipR + V{x)ipR)udx < {\\V\\Lo<^(^Rn^ + 1) / ipRudx 

JBRr^ 

(3.7) -v/ uPipRdx + cj ipRdx 

•J Brj-q J Brj.q 



< ^ / u^ipR dx + cR"" . 

'BRr 



2 



where C4 is the constant from (11.31) . Here we used that for every 5 > there exists > 
such that a < ea^ + for all a > 0. From the assumptions on g we get 



/ g{x,u)(pRdx > C4 uP(pRdx-C3 (pR 
(3.8) > C4 / uP^Rdx-cR"". 



dx 



Subtracting (13. 8p from (13.71) we get 

(3.9) — / uPipRdx<cR'' foralli?>l. 

For a fixed 7 G (0, 1) the function ipR is uniformly bounded from below on B-yRr^ so that 
(13. 9p implies 

(3.10) / u''dx<c^ u^ifiRdx <c^R'' for all i? > 1. 
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Therefore we obtain the following inequality with := {kjrQ < \x\ < {k + l)7ro}, A; G Nq 
and Uq > 0: 



e-v^l^'lu(xf dx 
< J^e'"'^""'" / \u{x)\Pdx 

oo 

<c^(^l+ Yl e-^^"°'=(7ro(A; + l))'^) < OO. 



k=o ^fe 



k>^ 1 



Hence, u E Lp{W; cuq) for all > 0. □ 

Proof of Theorem\^(l): Let g satisfy (11. 3p and let m > be a distributional solution. Since 
W ■.= V - V\u\P-'^ e L°°(M'^) + L^iM."") and ^ > f we find that W lies in the local Kato 

class Kl"^ (see [22], p. 453) and thus Proposition I2U] (applied to compact subsets of M") gives 
u e L^^(]R"). From Proposition [TSl we get u G Lp(M"; cj) for all > so that Proposition [T^ 
implies m = r^(^^) where G L^^i^"") n ^^(M"; w) for all a; > 0. Since {k, q, r) = (1, oo, oo) 
is admissible for Proposition [T3] we obtain u G Wl^^{M.^), in particular 

VuVif + uuif dx = / u{—A(p + u(p)dx= / g^^cpdx, 



for all (/? G C^(]R") so that m is a weak solution of the uniformly elliptic PDE (13. ip . From 
Quj G L^^(M") we obtain u G IV^^f (I^*^) for all q G [1, oo) by Calderon-Zygmund estimates (cf. 
Chapter 9 in Gilbarg, Trudinger [6]). The same reasoning as in part (2) shows that u must 
be a strong solution in M". □ 

4. Appendix A 

In the proof of Proposition |5] we use the following auxiliary lemma. 

Lemma 19. Let < cq < 1 and p > 1 be given. Then for all p > 1 there exists a radially 
symmetric positive function U2 G C°° (M" \ Bp) such that 

-Au2 + U2 = ul m M" \ Bp 
(4.1) U2{x) = Co for \x\ = p 

U2{x) — )■ exponentially as \x\ — > oo. 

Moreover the following inclusion holds 



< v{\x\) < U2{x) < Coe"Vi^^(l^l-'') for all \x\ > p 

2 — n 

where v{r) = Kr^~Kn-2 (r). Here denotes the modified Bessel function of second kind 

and K > is chosen such that v{p) = cq. 



22 RAINER MANDEL AND WOLFGANG REICHEL 

Proof. We first use the method of sub- and super solutions to find a solution W2^r of the 
following auxiliary elliptic ODE boundary value problem 

Tl — 1 

(4.2) -w'lji —^2,R + ^2,ii = in (p, R), 

W2,r{p) = Co, W2^r{R) = v{R) 

for any given R > p. As a supersolution of (14.21) we may take the constant function cq since 
cq > and Co = v{p) > v{R) using the fact that v is strictly decreasing. Since v is positive 
and satisfies the boundary conditions as well as 

Tl — 1 

—v"(r) v'(r) + vir) =0 in (p, R) 

r 

we may choose f as a subsolution. Hence the method of sub- and supersolutions (cf. |30] . 
§16) applies and produces a classical solution W2,b. of (14. 2 p with the additional property 

(4.3) < v{r) < W2,B.{j') < Co < 1 for r > p. 

The function W2^r cannot attain a local maximum at any r* G (p, R) since in this case we 
would have < —w'^^ir*) = W2^R{r*){w2fi{r*Y^^ — 1) contradicting (14.31) . This implies that 
W2,R is decreasing since otherwise there would be p < ri < r2 < i? such that W2,R.{ri) < 
W2,R{f2)- Using that there is no interior local maximum this would lead to W2fi{ri) < 
W2,r{i^2) < W2,r{R) = v{R) in contradiction to W2,_r('^i) > '^('^i) > '^{R) by (14.31) and strict 
monotonicity of v. 

Since W2,r is decreasing we have w'2 < and from (14. 2 p and W2,r < 1 we get W2 ^ > 0, 
hence 

(4.4) > w'^Jr) > w'^Jp) > v'ip) for all r G [p, R]. 

From (14. 2p . (14. 3 p and (14. 4p it follows that for all Rq > p the families (102^^1) r>Ro, (w^2,_R)R>i?o 
are uniformly bounded with respect to R. By the Arzela-Ascoli theorem, there is a sequence 
{'W2,Rj ) with limj_^oo Rj = 00 which converges uniformly along with its first derivatives on 
every compact subset of [p, 00) to some U2 G C^{[p^ 00)) which satisfies the enclosure < f < 
■"2 < Co < 1. Writing 

W2Ar) = Co + 77^{{-r-' - l)^U(P) + r [\-r~>2At) - ^2Atf'"''] dtds 
^ n r Jp Jp ^ 

we obtain that U2 = liniR-5.00 'U^2,r belongs to C^([p, 00)) and solves the initial value problem 

(4.5) -tin - - — -Mo + U2 = ul in (p, 00), U2(p) = cq 

r 

in the classical sense. In particular, ^2(3;) := 'U2(|a;|) defines a radially symmetric classical 
solution of problem (14. ip on MJ^ \ Bp. It remains to show that U2 decays exponentially at 
infinity. 

To this end we test (14. 5 p with functions (pk{r) := ip{r — k) for k > and ip G C^{p, 00) 
arbitrary. Since U2 G C*^([p, 00)) is a decreasing function it has a hmit -02,00 := linir^oo M2(^) 
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which satisfies < ^2,00 < cq < 1. Therefore the dominated convergence theorem imphes 

f°° n — 1 
= hm / U2{r) ( - (^^r) Lp'^{r) + V9fc(r) - M2(r)P" Vfcl'^)) dr 

= hm / U2(r + k)( — /^"(r) t'^\'^) + '^{'^) ~^ ^2(1^ + kY~^'^{i^)) dr 

fc-5>oo ^ r + k 

) 

U2,oo ( - + ip{r) - U27^(p{r)) dr 

POO 

= ^^2,00(1-^^2^) / (p{r)dr 
J p 

and thus, being an arbitrary testfunction, we see that necessarily U2,oo = 0. 

Finally we to show U2 < z where z{r) := CqC"^^"'^ (^-p). From z"{r) = (1 — c^~^)z, 
z{p) = Co and < -02 < Cq, u'2 < we get 

iu2 - zfir) = -"^u'^ir) + M2(r)(l - ^2^^"') - (1 - c^o~')<r) 
> (1 — (^~^){u2 — z){r) for all r > p. 
which proves that U2 — z cannot have any positive interior local maximum. Hence, 

{u2 — z){r) < max{0, (£t2 — z){p), {u2 — z){oo)} = for all r > p 
and the result follows. □ 
Proof of Proposition\^ Let n > 3, choose p such that the inequalities 

/4 r ^ n + 2 
- ■ maxjcnfg : <q< -| 

3 n — 2 n — 2 

hold true where c„^p is given by (12. ip . Then, given any p G (;7Z2' n^f) choice Cq : = 
Cn,pP~^ implies < cq < Cn,p and c^~^ < |. 

_ 2 

Let now U2 be given by Lemma fT9| Ui{x) := c,i,p|x| p-^. Then the function uq defined 
in (12. 4 p is positive radially symmetric and satisfies (i),(ii) by the choice of mi,M2- Moreover, 
Mo e C(M"\{0}) implies Mo e H\W\Bs) for aU 5 > andwi G C\Bp\{0}),U2 G C\W\Bp) 
gives (iii). Property (iv) follows from the definition of Ui. The explicit formula for ui and 
the enclosure of U2 given by Lemma Hn] yield 

\d^uo{x)\ = \d^ui{x)\ < ccn,p, \d~uo{x)\ = \d^U2ix)\ < ccn,p (xedBp) 

and we obtain (v). By the choice of p we have c^~^ < | so that Lemma [19] gives the upper 
bound for U2{x) < coe~4~^ which shows (vi) and finishes the proof of Proposition [51 □ 
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5. Appendix B 

The following proposition sums up two results from [22] . 

Proposition 20. Let Vt = M."\Bji for some R> 0. Let W e Kn{^) and assume —Au+Wu = 
in Q in the distributional sense where u,Wu G Ll^^{Q). Then u equals almost everywhere 
a continuous function in VL. If in addition u G L'^iVL) for some q G [1, oo) then u{x) as 
\x\ — )■ oo. 

Proof. Continuity of u follows from [22], Theorem C.1.1. Moreover [22], Theorem C.1.2. 
implies that for almost all a; G ^2 with dist(x, dQ) > 1 we have 

Hx)\<Ci\\W.\\KAB.i.))) I Hy)\dy<C{\\W-\\K„in)) [ Hy)\dy. 

JBi{x) JBi{x) 

Now if M G LP{Q) we have lim|a.|_^oo Ibi{x) \'^iy)\'^ ~ ^'^^s Holder's inequality implies 
limi^l^oo /bj(^) \u{y)\dy = 0. Hence the result. □ 

Proposition 21. LetVt = W'\Br for some R> 0. LetW G L'{9)+L°°{n) for some s > f , 
and assume < S := m.iaess{-^ + W{x)). If u G Hl^J^Q)r\L'i{VL) for some q G [2, j^;^^) is 

a weak solution of — An + Wu = in then for all yU G (0, a/S) there is a constant > 
such that 

\u{x)\ < C^e-'^l'^l for all x E n with dist(x, dil) > 1. 

Proof. 1st step: Proof of exponential integrability 

Let yU G (0, a/E) be arbitrary and let x ^ C°°(M") such that = and x\b^ = 1- Let 
Xs{x) = x{s"^x) for X G M" and s > 0. For p > r > R we define the function 

Xr,p ■ Xr ' (1 Xp)- 

Notice that the support of Xr,p is contained in the annulus B2p \ Br and Xr,p = Xr on Bp. For 
(T > we define 

if = ^ u where ^{x) = Xr,p{x)e^^^^ . 

Since u G Hl^^{Q) is a weak solution of (11. ip in Q and supp(xr,p) C B2p \ Br we have 
V? G H^i^l) and 

= / VuVip + Wuip dx 

= [ \V{^u)\^ + W\^u\^-\V^\M^dx. 

Now fix a 5 G (0, i(S - yU^)). From |V^| < ei+^^(|Vxr,p| + l^lXrJ) we infer 
iVeP < (/i' + S)\xr,p\''e^\ + (1 + /i2r^)|Vxr,p|'e^. 

Hence, 

(5.1) 0> [ \V{^u)\'^ + W\^u\'^dx 
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+ / \xrj^\u\^e^+^ dx - {1 + fi^6~^) / \Vxr,p\^\u\^e^+^ dx. 

In view of inf aess{W) > S and Persson's Theorem (cf. [9], Theorem 14.11.) we may choose 
r > so large that for all p > r, cr > the following inequality holds 

(5.2) / \V{^u)\^ + W\^u\^>{J:-5)[ \^u\^dx 



From flS.ip and f l5.2p we get for all p > r, a > 

(5.3) / Xr,p|wre^^ c/x < ^ — — / |Vxr,p|>reT+^ rfx. 

We want to take the limit p — ?■ oo. In the integral on the left-hand side of (15. 3p this can be 
done by the monotone convergence theorem. If g = 2 then the right-hand side of (15. Sp can 
be treated by the dominated convergence theorem. In the case 2 < q < ^^^^^^ notice that 

[ i\^XrJ^-\^Xr\^)^'dx= [ |Vxp|^c?x < llVxIlooP""^ ^0 asp^oo. 

Hence (15. 3p holds with Xr,p replaced by Xr- Taking the limit cr — we obtain 

Jr" h — fi — 20 J^n 

The right-hand side is finite since Vxr has compact support. Hence, XrUe'^^^^ G L'^{W^) and 
thus Me^^l^l G L'^{W\B2r). 

2nd step: Pointwise exponential decay 

Since u is a weak solution of —An + W{x)u = in the Harnack inequality (cf. [8], 
Theorem 4.1) implies that there is positive constant C = C*(|| W^||l=(_B2{z))) such that 

(5-4) \\u\\l^(B,{z)) <C{\\W\\L^(^B2{z)))\\u\\mB2{z))- 

for all z eW with \z\ > 2r + 2. Since W E L"(fi) + L°^(fi) the constant C in ([S3]) is w.l.o.g. 
independent of z. Hence, we get 

||ue^'''||Loo(5j(^)) < ||n||ioo(5j(^))||e^'''||Loo(5^(^)) 

for \z\ > 2r + 2 and thus |u(x)| < C^e~'^'^' for \x\ > 2r + 1. Moreover by Proposition [201 u is 
bounded outside a neigbhourhood of dVt and thus 

\u{x)\ < C^e-^l^l for alXxeVL with dist(x, dVL) > 1. 

□ 
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